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Abstract 

We study a financial model with a non-trivial price impact effect. 
In this model we consider the interaction of a large investor trading in 
an illiquid security, and a market maker who is quoting prices for this 
security. We assume that the market maker quotes the prices such 
that by taking the other side of the investor's demand, the market 
maker will arrive at maturity with maximal expected wealth. Within 
this model we concentrate on the issue of contingent claims hedging. 
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1 Introduction 



The question of valuation of contingent claims for a small economic agent is 
well studied in various settings. In the case of complete markets the price of 
a contingent claim is the initial capital of the replication strategy (a unique 
arbitrage- free price). For incomplete markets exact replication is rarely pos- 
sible. In this case the utility-based valuation approach described in the pre- 
vious section is often used. The basic economic assumption (imposed either 
implicitly or explicitly) behind the general incomplete model in Mathematical 
Finance is: 

"The agent can trade any security in the desired quantity at the same 

price" . 

The interpretation of this assumption is that the actions of the agent do not 
affect prices of securities and that there is no shortage of any security in any 
quantity. 

One way to relax this assumption is to introduce the notion of liquid- 
ity into the model. Liquidity is a complex concept standing for the ease of 
trading a s ecurity. (Ill liquidity can have di fferent sources, such as inven- 



tory risk - IStollI (Il978l ). trans action c osts - ICvitanic and Karatzad (119951 ) . 



uncertain holding horizons - iHuangI (120031 ). asymr netry of inforrn ation 



Garleanu and PedersenI (l2004r) . demand pressure - iGarleanu et al.l. search 



friction - iDuffie et al.l (l2005f), stochastic supply curve - ICetin et al.l (120041 ) 



and der nand for immediacy -iGrossman and Millerl (|l988l ). among many oth 



Amihud et al.l (|2005l ) for a thorough literature overview) 



ers [see 

In this paper we will relax the small economic agent assumption by con- 
sidering a model where agent's actions move prices. In other words, we shall 
study a financial model with a non-trivial price impact effect. A practical 
example of such a market is provided, for instance, by an over-the-counter 
market for an illiquid security, where a market maker quotes prices on de- 
mand. In practice it turns out that the price quoted depends on the trans- 
action size. To distinguish our case from the classical one we shall refer to 
the economic agent trading on such a market as a "large" investor. 

We will consider the interaction of a large investor trading in an illiquid 
security, and a market maker who is quoting prices for this security. We 
will assume that the market maker quotes the prices such that by taking the 
other side of the investor's demand, she will arrive at mat urity with maxim al 
expected wealth. This idea was used in a recent paper by iGarleanu et al.l for 
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the discrete time case, but only when the utihty function of the market maker 
is of an exponential form. Using equilibrium-based arguments the authors 
of that paper considered the question of the evaluation of contingent claims. 
However, they did not study the question of hedging. 

The novelty of our study is that we look at the problem of replication 
of contingent claims in the model with price impact. Moreover, many of 
our results are derived in the continuous time framework and with utility 
functions of rather general form. We will show the existence of a unique 
pricing rule for a broad class of derivative securities and utility functions, 
as well as the existence of a unique trading strategy that leads to a perfect 
replication. 

Let us point out that our approach to the model of a large investor fol- 
lows the traditional framework of Economic Theory. We begin with eco- 
nomic primitives (such as agent's preferences and market equilibrium) and 
then derive the model. This is different from several papers in Mathematical 
Financ e where the natu r e of ill iquidity is postula t ed a priori, see f or ex- 
am ple. ICvitanic and Mai fll996h . I^etin et al.l diooi ). iBank and BaumI tooi ) 
and lFrevI fllOoif L 

The idea that the price is determined by the zero net supply condi- 
tion on the market with multiple agents that are solving their individual 
optimization problems (maximizing their terminal utility) is not new and 
was studied iri the c lassical paper by Karat z as, L ehoczky and Shreve in 
Karatzas et al. I fll990h . Unlike iKaratzas et al.l (Il990[ ) where multiple agents 



{small investors/liquid market) with different utility functions are consid- 
ered, we consider only one representative agent {large investor/illiquid mar- 
ket). This allows us to avoid complicated fixed point arguments used in 



Karatzas et al. fll990[ ). 



This paper is organized as follows. Section [2] defines the basic concepts. 
Section [3] defines the replication strategy that is suitable for our model and 
discusses existence and uniqueness of such a strategy. Within this section the 
assumption of completeness of the market with respect to the price process 
is playing an important role. Section H] is devoted to the study of market 
completeness. This section also contains some particular examples. For 
instance, here we prove that in the framework of the Bachelier model and 
under the assumption of an exponential utility for the market maker we can 
replicate any convex (in appropriate sense) European-type contingent claim 
(e.g. convex combinations of long calls). 
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2 Large investor market model 



We assume that the uncertainty and the flow of information are modeled 
by a filtered probability space {fi,J-', {^t)o<t<T,^), where the filtration is 
generated by a J-dimensional Brownian Motion B, that is, 

(2.1) J^t = , < t < T. 

Here T is a finite time horizon, and JF = jFy. 

The security market consists of J risky assets and a riskless asset. These 
assets are traded between the investor and the market maker. We work in 
discounted terms and (without loss of generality) assume that the return on 
the riskless asset is zero. We denote by ^T-measurable random variables / = 
{f^)i<j<j the payoffs of the risky assets at maturity and by = (5'/^)o<t<r 
the (J-dimensional) price process of the risky assets under the condition that 
the investor is using the (J-dimensional) trading strategy or demand process 
H = {Ht)o<t<T- Of course, at maturity the price does not depend on the 
strategy: 

= /, for all H. 

From here on we will implicitly understand that we have J-dimensional 
processes, and without loss of generality we will use one-dimensional nota- 
tion. However, in Section H] we will explicitly point out the vectors and the 
matrices that appear in the proofs. 

The market maker can be viewed then as a liquidity provider. She takes 
the other side of the investor's demand, which can be positive, as well as 
negative. We assume that the market maker always responds to the investor's 
demand, that is the market maker always quotes the price (which turns 
out to be a function of the trade size). The reason for this assumption is 
that the market maker is naturally forced to quote the prices to achieve the 
equilibrium by meeting the investor's demand. Of course by equilibrium 
we mean that both parties are "happy" with the current prices, have no 
desire to act to change these prices, and the supply is equal to the demand. 
In order to describe "happiness" of the market maker we use the standard 
apparatus of utility functions. We assume that the market maker has a 
utility function U : TZ ^ TZ, which is strictly increasing, strictly concave, 
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continuously differentiable, and satisfies the Inada conditions 

U'{~oo) = lim U'{x) = oo, 
[/'(oo) = lim U'{x) = 0. 

We shall also require the following two technical assumptions. 

Assumption 2.1. The terminal value of the traded asset f = {f-')i<j<j & , 
and the terminal value of the contingent claim g G J-'t have finite exponential 
moments, that is 

E[exp((g, /))] < oo, E[exp{rg)] < oo, q e TZ"^ , r eU. 

Assumption 2.2. Utility function U : TZ — > TZ satisfies 

U'ix) 

(2.2) ci < - < C2 for some Ci, Cs > 0. 

U' [x) 

Clearly, a linear combination of exponential functions of the form 

N 

U{x) = y -Ci , 7i,Ci>0, xeT^ 

1=1 

satisfies the assumption above. 

Notice that Assumption 12.21 implies the Inada conditions. 

We assume that the investor reveals his market orders (his demand pro- 
cess) H to the market maker. The market maker responds to the investor's 
demand by quoting the price, and by taking the other side of the demand. 
That is, if H is the investor's strategy, then —H is the market maker's strat- 
egy. In other words, the market maker responds to the demand so that the 
market rests in equilibrium (supply equals demand). The market maker is 
quoting the price in such a way that she arrives at maturity with maximal 
expected wealth. Formally this can be stated as 

Definition 2.1. Let x E TZ he the initial cash endowment of the mar- 
ket maker. Let f = {f-')i<j<j be an J-'t -measurable contingent claim. Let 
H = {H^)i<j<j be a predictable process. The equivalent probability measure 
~ P zs called the pricing measure of / under demand H , and the semi- 
martingale is called the price process of / under demand H if 

d¥^ ^ U\x-j^H^dS^) 



(2.3) 
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and the price process with the integral J HdS^ are martingales under 
P^. In particular, 

Notice that the Definition 12.11 is rather general, as it does not specify 
any conditions on the utihty function U, the demand process H, and the 
contingent claim /. 

The above definition displays an intimate relationship between the price 
process and the pricing measure. It may not be clear from the formulation 
of Definition 12.11 that it refiects the mechanics of the market described in 
the previous paragraph. However, notice that the density of is chosen in 
such a way that the process —H is indeed a solution to the market maker's 
optimization problem (which will be defined below.) Naturally, the semi- 
martingale is defined in such a way that it is a martingale under the 
pricing measure. It will become evident from the following lemma, that the 
numerator of (12. 3p is nothing else but the market maker's marginal utility. 

Lemma 2.1. Let x & he the initial cash endowment of the market maker. 
Suppose f satisfies Assumption \2.1\ and U satisfies Assumption \2.S[ Let 
H = {H-')i<j<j be a predictable process. Suppose that is the price process 
of f under demand H. Then —H is the unique solution of the optimization 
problem 

(2.4) u(x)= max E[U(x+[ GudS^)], 

where 7i{S^ ,F^) is the collection of predictable processes G such that 

j GudS^ 
Jo 

is a -martingale. 
Proof. Let 

A{x) ^ {h : E^[/i] < x}. 

In order to prove that —H is the unique solution of the optimization problem 
(12.41) . we need to show that 

h^x - [ KJS^ 
Jo 
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is an element of A{x), and for any h G A{x), the following inequality holds 
true 



(2.5) 



E[U{h)] < E[U{h)]. 



The fact that h is an element of A{x) follows from the martingale property 
of / HdS^ under P-^^, see Definition O 

Further, let V{y) be the Legendre transform of U{z), i.e. 

(2.6) V{y)^snp{U{z)-zy}, y>0 

It follows from (12. 6p that for any y > and z eTZ 

U{z) < V{y) + zy, 

and therefore 



E[U{h)] < E 
(2.7) < E 



V[y 
v(y 



dF 
~dF 



E 



hy- 



dF 



E 



V y 



dF 



+ xy, 



where the last inequality follows by virtue of h being an element of A{x). On 
the other hand, the identity 

U{I{y)) = V{y) + yI{y), where I{y) = {U')-\y), y>0 



along with 



I y 



dF 



dF 



H 



dF 



h, y = E[U'ih)] 



implies that 

E[U(h)] = E 

(2.8) = E 



V y 



dF- 



H 



V y 



dF 
dF" 



E 



hy 



dF 



H 



dF 



E 



V[y 



dF 



H 



dF 



+ E^[/J]y 



+ xy. 



Now we compare (12.71) with (12.81) and conclude that (12.51) holds true, and 
therefore 

i-T 



u{x) = E[U(h)] = E[U{x - [ HudS^)]. 

Jo 



□ 
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In what follows we are interested to find the answers to the following 
question: Is it possible for a large trader to replicate another non-traded 
contingent claim g, that is, form a demand H such that for some initial 
wealth p 

p+ [ HudS^ = gl 
Jo 

There are another two important questions to ask: 

• Does the price process exist for an arbitrary demand H7 

• Provided that exists, is it unique? 

T he answers to the two l atter questions are given in the companion paper 
by I German! (IForthcomingl ) . while in this paper we will be concerned with the 
former question. 



3 Replication 

Consider an jF^^-measurable random variable g (alternatively we will call 
it a non-traded European-type contingent claim). The utmost important 
question is what is the "fair" price of this claim. We remind the reader, that 
in the framework of complete financial model for a small economic agent the 
arbitrage-free price of g is given by 

p = Ep* [g] 

and the unique hedging strategy can be found from the martingale represen- 
tation ^ 

g = p+ HtdSt, 
Jo 

when 5 is a martingale under the unique martingale measure P*. 

The classical theory of asset pricing hinges on the crucial assumption that 
the price per share of an asset does not depend on the size of the trade at 
any moment in time. Moreover, when pricing by replication, it is understood 
that the integrand and the integrator of the wealth process are not functions 
of each other. In our large trader model the price process is a (non-linear) 
function of demand. Therefore the problem of replication in the illiquid 
market cannot be solved using the tools of the classical asset pricing theory. 
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In order to construct a perfect hedge for a non-traded contingent claim it has 
to be taken into account that there is a back-and-forth relationship between 
the size of the trade and the current price of the traded asset. More precisely, 
we have the following definition. 

Definition 3.1. Let g, f = {f'^)i<j<j be J^T-fns.asurahle random variables. A 
predictable process H is called a hedging strategy of g, if there exist p E 71, 
and a price process of f under demand H such that 

g = P+ r H^dS^. 
Jo 

Remark 3.1. Similarly to pricing by replication in the classical framework 
of a small economic agent, we will call p a price of g, since p is the initial 
capital required for the perfect replication of g. Note that it is not clear a 
priori that p is defined uniquely. We shall show below that the uniqueness 
always holds true for exponential utilities. 

Remark 3.2. The above definition looks similar to the classical definition 
of a hedging strategy, with the crucial difference that the price process and 
the hedging strategy depend on each other. 

Theorem 3.1 (Necessary condition). Let x & he the initial capital of the 
market maker. Assume that f and g satisfy Assumption \2.1l and U satisfies 
Assumption \2.'A Suppose there exists a hedging strategy H of the contingent 
claim g with price p. Then the unique pricing measure ¥^ is given by the 
density 

dP^ ^ U'{x + p-g) 
^ ' ' dF ¥.[U'{x + p- g)y 

the price process is unique and is given by 

Moreover, the following integral representation holds true 

(3.2) ^''[g\H =P+ [ H^dS^, for any t G [0, T]. 

Jo 
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Remark 3.3. From integral representation fl3.2l) we deduce that the hedging 
process H is defined uniquely a.s. on f2 x [0, T] with respect to dF[oj\ x d{S^)t 
in the following sense. Due to the Assumption 12. ![ g has finite exponential 
moments and therefore it is also square-integrable. Therefore if there exists 
another hedging strategy H such that 



Jo 



then 



J2 I \m-H{MS^'), = a.s. 



Proof. Since H is a hedging strategy of the contingent claim g, there exists 
, the price process of / under demand H along with the corresponding 
pricing measure P"^, such that 

(3.3) 9 = P+ [ H^dS^. 



(3.4) 



Therefore by Definition 12.11 

(iP^ _ U'{x- HudS^) _ U'{x+p-, 



HU'{x- C HudSS)] ^U'{x + p-g)]' 



Due to Assumption 12.21 the first derivative of the utility function U is 
bounded from below and above by exponential functions. Therefore Assump- 
tion 12.11 implies that the random variable (13.41) (the density of the pricing 
measure P'^) is well defined. It is also unique, and so is the price process 
which by Definition 12.11 is equal to 

S-f = E^[/|J^t], 0<t<T. 

Since HudS^ is a P^-martingale, by applying conditional expectation to 
the both sides of (13. 3p we obtain 

^""m =P+ [ H^dS^, for any t G [0, T], 
Jo 



along with 



□ 
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We start the study of the existence of rephcation strategy with the fol- 
lowing 

Lemma 3.1. Assume that g satisfies Assumption \2.1[ U satisfies Assumption 
and f l2.ll) holds true. Then for any x the equation 



(3.5) E[{p-g)U'{x + p-g)] = 

has a solution. If, in addition, the utility function U is exponential, that is, 

1 



U{x) 



-— e 

7 



-7a; 



for some 7 > 0, than the solution of (13.51) is unique and given by 

E[ge-'s] 



p 



Proof. Let us consider the function a{p) : 71 ^ 71 defined as 

U'{x + p — g) 



a{p) = E 



(p-g)- 



U'{x + p) 



We will show that a{p) has a zero (at least one). Since f/ is a utility function 
(strictly increasing, strictly concave), U'{x + p) is non-random and strictly 
positive for all x and p. Therefore the existence of a solution of the equation 



(3.6) 



a{p) = 



will imply the existence of a solution of (13. 5p . 

In order to show the existence of a solution of (13. 6p it is sufficient to show 
that 



(3.7) 
(3.8) 



lim a{p) < 0, and 
p— >— 00 

lim a{p) > 0. 

p— >CXD 



It follows directly from Assumption 12.21 that for any z,y &7Z 

U'jz + y) 
- U'(z) ■ 
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Therefore 



< U'jx + p-g) ^ ^^^g 



U'{x + p) 

U'{x+p-9) 
U'{x+p) 

expectation and is square-integrable. Hence by Holder s inequality 

U'{x + p — g) 



and due to Assumption 12. 11 the random variable '^Jf^^^pf'' has a finite positive 



E 



9- 



U'{x + p) 



< oo, 



and therefore 



lim a{p) = lim E 

(3.9) lim E p 

(3.10) lim E g 



{p- g) 



U\x + p — g) 



U'{x + p) 
U'{x + p — g) 

U'{x + p) 
U'{x + p — g) 



-oo, 



U'{x + p) 



C < oo, 



for some constant C E 71. As a direct consequence of (13. 9p and (13.101) we 
obtain 



lim a{p) = lim E 



p— ►oo 



p— >oo 



(p-g) 



U\x + p — g) 
U'{x + p) 



oo. 



Therefore we conclude that (13.61) has a solution and consequently (13.51) has 
a solution. 

Equation (13.51) can be written as 



P 



E[gU\x + p-g)] 



E[U'{x +p- g)] ' 
and for an exponential utility function we have 

K[g exp{—^{x + p — g)}] 'Klge'^^] 



P 



E[exp{-7(x + p-5^)}] Ele-ya] ' 
which is the unique solution of (13.50 . 



□ 



Remark 3.4. In the following theorem we will need the notion of com- 
pleteness. By completeness we will understand that every European-type 
derivative security (an jFj.-measurable random variable) can be represented 
as a constant plus an integral with respect to the underlying security. 
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We shall now state 



Theorem 3.2 (Sufficient condition). Let x he the initial capital of the 
market maker. Assume that f and g satisfy Assumption \2.1l U satisfies 
Assumption \2.2l and (12. ip holds true. Let F be a probability measure such 
that for some p 



(3.11) 
and 



d¥ ^ U'{x + p-g) 



d¥ E[U'{x+p- g)]' 



(3.12) n9]=p. 
Let us denote 

(3.13) St = E[f\J^t 



and suppose that the model is complete with respect to S. Then there exists 
a hedging strategy H such that 



T 

H 



g = P+ HudS^^ 
Jo 

with = S, the price process of f under demand H. 

Remark 3.5. The constant p allowing for the existence of pricing measure 
P satisfying (13. lip and (13.120 is exactly the one solving (13. 5p . Note that, 
by Lemma 13.11 p is defined uniquely for an important class of exponential 
utilities. 

Proof. First we observe that since the market is complete with respect to 5*, 
the probability measure P defined by (13. lip is the unique martingale measure 
oiS. 

Since the market is complete with respect to S, any jF^-measurable ran- 
dom variable can be represented as a constant plus an integral with respect to 
S. Moreover, due to Assumption 12. 1^ random variable g is square-integrable, 
and therefore ^here exists a predictable process H, such that the process 
Jq HudSu is a P-martingale, and 

(3.14) g = E[(7] + / H^dS^ =P+ [ H^dS^, 

Jo Jo 
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where the last equahty follows from fl3.12l) . Hence 

dP _ U'{x +p-g) _ U'{x - H^dSu) 



E[U'ix + p-g)] E[U'ix - H^dSu)] 



By Definition 12.11 the above implies that = P is the unique pricing 
measure of / under demand H, and = S is the unique price process of 
/ under demand H. Hence, by Definition 13.11 H is the hedging strategy of 
g. □ 

Remark 3.6. We point out again that the integral representation (13.141) 
implies that the hedging process H is defined uniquely a.s. on i7 x [0, T] with 
respect to dF[Lj] x d{S^)t in the sense explained in Remark [3.31 

The assumption on market completeness is essential for the sufficient 
condition. Here we present an example of an incomplete market for which 
the above theorem does not hold, and there is no hedging strategy for a 
particular contingent claim g. 

Example 3.1. Consider the case of a one-dimensional Brownian Motion B. 

Let g = Bti and let U{x) = —e~^. Therefore 

dF 

and by Girsanov Theorem under the probability measure P there exists an- 
other Brownian Motion B such that 



Bt = Bt + t. 



Further, let 



f = BT-Br + T-T= I ly,^T]{u)dB^ 

Jo 



for some discrete time < r < T. In this case 



St = E[f lyr^T]{u)dB^\Tt] 
Jo 

= / l[r^T]{u)dBu = / CTudBu, at = l[r,T]{t) , 

Jo Jo 
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which imphes that the the process S is identically zero on the time interval 
[0, r). There exists a martingale representation of 

g = -BT = -T+ [ dR, 
Jo 

as an integral with respect to the Brownian Motion B. However, it is impos- 
sible to represent g as an integral with respect to S, since the volatihty^a is 
zero on [0, r] . In other words, the model is incomplete with respect to S. 

□ 

4 Completeness with respect to S. 

As it was highlighted by Example I3.H for the existence of a replication strat- 
egy it is necessary to verify that the market driven by the price process S is 
complete. This problem will be the focus of the current section. 

We start by recalling (without the proof) the following (well-known) fact 
lying in the intersection of the Girsanov and the Martingale Representation 
theorems. 

Lemma 4.1. Consider a filtered probability space (f2, J^, {J-'t)o<t<T,^) , 
where the filtration {J^t)o<t<T is generated by a J -dimensional Brownian mo- 
tion B. Let P ~ P and let a = (at) be a J -dimensional stochastic process 
such that 

(4.1) Bt = Bt+ [ audu, 0<t<T, 

Jo 

is the J-dimensional Brownian Motion under P. Then any ^-martingale M 
is a stochastic integral with respect to B. 

Proposition 4.1. Assume that f and g satisfy A s sumption \ 2. 11 U satisfies 
Assumption \2.2\ and that the filtration is generated by the Brownian motion 
B (that is, (12. ip holds true). Let P be the probability measure defined in 
(13. lip . 5" be the price process defined in (I3.13P and B be the J-dimensional 
Brownian motion under ¥ given by (14. ID . 
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Then the financial model determined by the price process S given by f l3.13l) 
is complete if and only if the J x J -dimensional matrix process a = (aj in 
the martingale representation 

(4.2) St = So+ [ a^- dB^ 

Jo 

or, component-wise, 

Sl = Sl+Y^ fai^dBi, l<t<J, 
i<i<j-^o 

has full rank almost everywhere with respect to the product measure dF[uj] x dt. 

Proof. Let us assume that the matrix a has full rank (or in other words it is 
invertible) almost everywhere with respect to the product measure dFloj] x dt. 
Let r be an jF-p-measurable J-dimensional random variable. Then by Lemma 
14.11 there exists an adapted J x J-dimensional matrix process 7 = (7t)o<t<r 
such that 

r = E[r] + / 7, ■ dBu. 

Jo 

Since a is invertible d¥[uj] x dt-almost everywhere, and by (14.21) . the above 
expression is equal to 

r = E[r] + / ^u-a-'- dSu. 

Jo 

Hence we conclude that the market is complete with respect to S, since every 
contingent claim is replicable. 

The proof of the converse statement will be done by contradiction. As- 
sume that the market is complete with respect to S, and suppose that the 
matrix at is not invertible dF[u] x df-almost everywhere. Let us define the fol- 
lowing adapted vector process a = {al)o<t<T, 1 < i < For each <t <T, 
let the vector at be equal to a non-trivial vector from the null-space of the 
matrix at. Since we assumed that at is not invertible, the null-space of at is 
not trivial. That is 

at = nt, UtE Null(at), Ut 7^ 0, 
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where Null(crt) is the Null-space of cxt, and is a J- dimensional zero vector. 
Let us consider two J-dimensional P-martingales 



ttudBu, and / cr„ ■ dBu, 
Jo 



or component-wise 



/ atdBt, and Yl f ^udBl 1 < k < J. 
Jo i<j<J"^o 



Due to the choice of a, at any time t the dot-product of at and aj is a zero 
vector, and therefore their cross-variation is 

( / a^dBu, / a-a ■ dB^)t = ■ a^du = 0, < t < T, 

Jo Jo Jo 

as well as 

( / a^dBu, S.)t = 0. 
Jo 

Since the cross-variation process of two P-martingales is zero, the product of 
these martingales is a zero process, which implies that a^dB^ and St are 
orthogonal. Notice that the random variable 

(4.3) / audB^ 







is different from zero because by the assumption the matrix a does not have 
full rank almost everywhere with respect to the product measure dF[uo\ x 
dt. We assumed that the market is complete and therefore each non-trivial 
jFy- measurable random variable is non-trivially replicable. However, due to 
orthogonality of audB^ and St-, the jF^-measurable random variable fl4.3l) 
is not S'-replicable, which leads us to a contradiction. Therefore the market 
is incomplete with respect to S. □ 

The computation of the J x J-matrix volatility process a = {at) can often 
be done with the help of the Clark-Ocone formula and the Malliavin calculus 
as is illustrated in the following lemma. For a random variable ip we denote 
by ^tii^) = (Dj ('0))i<j<j the Malliavin derivative of i/j at time t with respect 
to the Brownian Motion B. 



17 



Lemma 4.2. In addition to conditions of Proposition 4-1 assume that f and 
g satisfy Assumption \2.1\ and are Malliavin differentiate. 

Then the matrix 'at in the integral representation (14. 2p is given by 

(4.4) al' = E[D^(f ) + A{x + p- g){r - Sl)mg)\J'l 1 < ^, J < J, 
where A = A{x) is the absolute risk-aversion coefficient of U given by 

U"{x) 



(4.5) 



A{x) 



U'ix) 



X en. 



Proof. Our goal is to compute the integrand in the form of a Jx J-dimensional 
matrix process in the martingale representation (14.21) of the process S. 



Since the density process is Zt = ¥, 



it can be also expressed as 



(4.6) 



nU\x^p-g)\Tt\ 
^U'{x^p- g)\ 



Let us introduce another J-dimensional P-martingale. Let 

The density process is an exponential martingale and so for some adapted 
J-dimensional process a = {at)o<t<T we have Zt = S{afBt), where S is the 
stochastic exponent. Since 

St = E[f\j^t] = ^nzTf\j't], 

it follows that Rt = ZfSt. The process i? is a P-martingale, and since the 
density process Z is strictly positive P-almost surely, it has the martingale 
representation 



(4.7) 



Rt — Sn 



for some progressively measurable matrix process S. By differentiating ZiSt 
we obtain that the differential of R is 



(4.^ 



dRt = Ztat-dBt + ZtSt-afdBt. 
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By comparing fl4.8l) and the differential of fl4.7l) we obtain 

(4.9) at = J:t-Sfat. 

Notice that the above expression for a has two processes S and a that are 
only known to exist and to be unique (in the sense discussed in Remark 13. 3p , 
but are not known explicitly. 

Due to the assumption that the random variable g has exponential mo- 
ments and is Malliavin differentiable and using the fact that dZf = ZtafdBt 
we deduce from Clark-Ocone formula that 

(4.10) Ztal = E[D^(Zt)| J-^], 1 < J < J. 
Similarly (14. 7p implies that 

Zj:^ = E[BliZrr)\J^t] = nZTBlif) + fBl{Zr)\J',], 
and therefore 

" 1 



(4.11) 



S;^=E[DKr)|^t]+E 



Zt 



rmzr) 



Hence by combining (14. 9p . (I4.10p . (14.111) we obtain 

1 



= EpKni^t] + E 

(4.12) =E[D^^(f)|^i]+E 



Zt 
1 



rmzr) 

if-SmiZr) 













-S\E 


^mzr) 





Now let us use the assumption that the random variable g is Malliavin 
differentiable. Then from 14.61 it follows that 



BlZ 



-U"{x + p- g)-Diig) A{x + p- g)U'{x + p~ g)'D{{g) 



E[U'{x+p~ g)] E[U'{x + p- g)] 

where A{x) is the absolute risk-aversion coefficient as defined in (14.50 . There- 
fore the last term of (I4.12p can be expressed as 



E 



-if-smiZT) 



E\A{x ^ p - g){r - S\)-&M)\H- 



We can now put everything together to obtain 

= E[BUn +Aix + p- g){f - Sl)Bl{g)\:Ft]. 



□ 
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The expression fl4.4p for a can be simplified if we assume that U is the 
exponential utility function, and that the contingent claim g is a. standard 
European option on /. In the formulation of the result we shall use the 
notation 

(4.13) C^(a, (5\J^t) = - ¥.[a\TtW\Tt] 

for the conditional covariance of the random variables a and j3 with respect 
to the pricing measure P and the information at time t. 

Lemma 4.3. In addition to conditions of Lemm,a \4.2\ assume that 

9 = G{f) 

for some almost everywhere difjerentiable function G : TZ^ — > TZ, and that 
the utility function U = U{x) is of exponential form: 

U{x) = -e-^^ xen, 

7 

for some 7 > 0. Then the matrix at in the integral representation (14.21) is 
given by 

(4.14) al^ =Emr)+^{f^-Sl) J2 D^(/')^G(/)|J-,] 

i<fc<j 

(4.15) =E[DKr)l-^*]+7C^(f, E D^(/')#rG'(/)l-^*], 



dx^ 

l<k<J 



l<t,J<J- 



Proof. First we remind that for the exponential utility U{x) = the 
absolute risk-aversion coefficient A{x) is constant and is equal to 

A{x) = 7, for every x eTZ. 

Equation (I4.14p follows directly from (14. 4p and from the assumption that g 
is an almost everywhere differentiable function of /, 

V^l{g) = mG{f)) = J2 ^i{f)^G{f), l<j<J, 

l<k<J 
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which leads to 

a]^ = E[Bl{f) + A{x + p- g){r - Sm{g)\J^, 

I — 

i<fe<j 

As for (14.151) . we have 



l<fc<J 



= nmr) + +j - gw - si)t>i{9)\h = 

= E[DKf + ^E[M{gm - jSJE[Bl{gJ\J^,] 

= E[Bl{f)\J^,] + ^E[rBlig)\J^,] - ^E\f\Tm^\{g)\n 

= E\D\{r)\Tt\^lQm{f\J^\{g)\Tt) 



l<k<J 



E[DKf)|J-,] + 7Cov(f, J2 Dl(/')^G(/)|^,) 



□ 



The computation of the matrix a becomes particularly simple in the case 
when the payoffs of traded contingents claims / are the terminal values of 
the Brownian Motions B, that is, 

(4.16) /^■ = 5^, 1<J<J. 

Note that in this case, in the absence of any trading by the large investor, that 
is, in the case H = the price process of the stocks is given by B. In other 
words, in the absence of the large investor we have the multi-dimensional 
Bachelier model. In the statement of the next lemma we use the standard 
notation 

for the Kronecker delta. 



Lemma 4.4. In addition to conditions of Lemma \4 . 3\ assume (14.161) . Then 



(4.17) = 6ij + 7C0V ( Bir, -^G{B' 
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Proof. By the assumption that the payoffs of the contingent claims are Brow- 
nian Motions, 



Epl{n\J^,]=E[BliBi,)\J^,] = 5,,. 



It follows that 



l<k<J 



Now we can put everything together to obtain 



5^^=E[DKf)|-F,]+7Cov(f, J2 ^l^f')-^G{Br] 

\ l<k<J 



6,^+^Cov{B!r,^GiBT 



□ 



As an important corollary we state the following result showing that in 
the framework of the Bachelier model a large class of convex (in appropri- 
ate sense) contingent claims G'(/) is replicable. For instance this includes 
a convex combination of long positions in European calls written on each 
individual asset. 



Corollary 4.1. Assume conditions of Lemma \4.4\ ■ Let 

J 



G = G{x^ 



,x 



X-' 



where cj > 0, cj G TZ and ipj = fj{x) are one- dimensional convex functions. 
Then for any contingent claim g of the form 

(4.18) g = Gif) = GiBr), 

hedging strategy H exists and is defined uniquely dF[u)] x dt-a.s. 

Proof. Let us observe that by the assumption the function G is convex in each 
x^ direction, that is its partial derivatives ^ = Cj^^^^^^ are non- decreasing 
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functions in each direction. Hence for any xi = {xl, . . . , x() G TZ"^ , X2 
(xg, . . . , X2) G 71"^ , and for any I < i, j < J 



1^1 ^2) 



aG'(xi) dGix2] 



dx^ 



dx^ 



(^1 ^2)Cj 



dip^{x{) dip\x2) 



dx 



dx 



> 0, 



and therefore 



(4.19) 



;j (S^K) - Sy(^2)) ( ^^^^ :jz ) > 0, 



dx J 
ui] ® (iIP[a;2] — a.s. 



Condition (14.191) means that the random variables and c 
monotone. It follows that 
(4.20) 



dx 



are co- 



dip^ {Bt{uji)) d(p^ {Bt{uii)) 



dx 



dx 



dF[u}i]xdF[u2] > 0. 



By Fubini's theorem (14.201) is equal to 



S^(u;i) 



X 



^2 

dip^ {Bt{uji)) 



Blr{uj2)d¥[oJ2] 

dip^ {Bt{uji)) 



dx 



n2 



dx 



dF[uj2] dF[uJi] 



E 
E 



(i?^-E[S^]) c, 



T 



[Bl, 



E[i?^]) ( 



dx 

fdGiBr) 



E 



dx^ 



-E 



'dG{BT)' 




dx^ 


)1 



Cov(B 



9G(S. 



Hence the unconditional covariance of B^ and ^^Q^j^^ is non-negative. By 
the similar argument one can show that the conditional covariance of B^ and 



dG(BT) 
dxi 



IS 



Gov S^, 



dG{Bj 



dx^ 



^* > 0. 



We now notice that because of the independence of individual Brownian 
Motions (S*)i<j<j of the J-dimensional Brownian Motion B 

dGiBr) 



al^ = 5. . + 7C0V B't 



dx^ 



jFj = dF[uj] X dt-a.s., when i ^ j, 
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and 



J^tj > 1 dF[Lj] X dt-a.s., when i = j. 

Therefore the covariance matrix a is a diagonal matrix with non-zero entries 
on the diagonal and hence invertible dF[u] x dt-a.s. 

Finally we deduce from Theorem 13.21 and Proposition 14.11 that a hedging 
strategy H exists and is defined uniquely dF[uj] x dt-a.s. □ 



a 



Sij + 7C0V 



B. 



dGiB: 



T) 
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